Fall 2025

General Physics: Electromagnetism, Correction 14

Exercise 1 :

At t = 0, a 12.0V battery is connected in series with a 220 mH inductor and a total of 302
resistance, as shown in the figure below.

1. What is the current at t = 07

2. What is the time constant?

3. What is the maximum current?

4. How long will it take the current to reach half its maximum possible value?
5. At this instant, at what rate is energy being delivered by the battery and

6. At what rate is energy being stored in the inductor’s magnetic field?
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Figure 1: RL circuit.

Solution 1 :

We write the Kirchoft’s law for the circuit, knowing that the voltage due to the self-inductance
of the solenoid is given by ¢ = —LdI /dt:

dI
Vo— L— =1IR. 1
o— Lo 1)

The ordinary differential equation can be solved with separation of variables technique:

/ W VO/R+I'_ /‘dt @)
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Where I(t = 0) = 0 is the current at ¢ = 0. The current is zero due to the presence of the
inductor, which opposes to the change of the current (this is an instance of the Lenz law). The

result is:
Vo VWw R
1 — — ]| —log— = —t¢
og(R ) 0g = = T, (3)
and then:
1) =220 - 2) (@)
Therefore:

1. The current at t =01is [ =0 A
2. The time constant is 7 = L/R = 7.3 ms
3. The maximum current is I, = Vo/R =04 A
4. We compute the time t1/o when I(t) = Ipne./2:
Yo _ W
2R R
And we have ¢/, = Llog2/R = 5ms.

(1= ez (5)

5. At this instant, the energy rate delivered by the battery is given the power:

6. While the rate of energy stored in the inductor can be computed with the formula U = %LI 2,
The rate will simply be the derivative of U:

U dI
=1L =1(Vo— RI) =12W (7)

Where we used the expression for the current derived before.



Exercise 2 :

In the circuit below, the switch S is closed at t = 0.

1. Write down the differential equations for the currents in the circuit and find the equivalent
RL circuit;

Hint: Inductors in parallel combine the same way as resistors in parallel.

2. Compute the expression of the currents i;(¢) and is(t) flowing in the two inductances at a
generic time ¢.
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Figure 2: RL circuit.

Solution 2 :

1. Before the switch is closed, nothing happens since there is no current flowing in the circuit.
From Kirchhoff rules, we can see that:

I =141+19
diy
5—L2-E—RI (8)
d (i1) d(iz)
L - N —
Vot i
We can write 19 = I — iy to get:
d(I —1
5_L2.MZRI
| . (9)
L.d(“)_L.M:o
Vot 2 dt

Then, we can get % from the second equation and plug it into the first one to get:

dl 12 dI
2 dt+L1+L2dt

RI. (10)



Starting from this last equation, we can easily get:

e _pp_ bl dl

_ el 11
Ly+ Ly, dt’ (11)

which turns out being the known differential equation of a LC circuit with an equivalent
inductance:

Ly - Ly
Leg = : 12
T L+ Ly (12)
2. The time evolution of I is the typical one of a RL circuit:
&
1) = 21— ), (13)
where the time constant is defined as:
Leq Ll : L2
=4 __ - = 14
"TR TR (Li+ L) (14)
For the current 7y, from the second one of Eq.(9), we get:
diy(t L dl
Zl( ) — 2 '_:ieft/ﬂ" (15>
dt L1 + LQ dt Ll
whose solution is:
i dll(t/) ’ LQ _
t) = ' = —————— &7 t 16
i1 (1) / dt R-(Lr + L) e + cons (16)

At t = 0, we have that i;(0) = 0, condition from which we can find the integration constant:

Ly

const = ———— - €. 17

R(Ly + Ly) (17)

And, in conclusion, with this value of constant, we can finally get the expressions for the
time-evolution of the two currents i1(¢) and iy(t):

~ Ly —t/T
W0 =y €0 -
in(t) = ﬁ-é’-(l—e‘tﬁ).



Exercise 3 :

A 1200 pF capacitor is fully charged by a 500V dc power supply. It is disconnected from the
power supply and is connected, at t = 0, to a 75 mH inductor. Determine:

1. The initial charge on the capacitor;
2. The maximum current;
3. The frequency f and period T of oscillation;

4. The total energy oscillating in the system.

Solution 3 :

1. The 500V power supply, before being disconnected, charged the capacitor to a charge of

Qo=CV = (1.2x 107" F) (500 V) = 6.0 x 107 "C. (19)

2. The maximum current, Iy, is

Qo (6.0 x 1077C)

Lnax = wQo = = =63 mA. 20
D =ie V(0.075H) (12 x 109 F) (20)
3. The frequency reads
w 1
! 2r 27V LC) (1)
and the period T is
1
T=-=60x10"s. (22)
f
4. Finally the total energy is given by
2 ) 1 —7("\2
ro @ O0XI07C) o g (23)

20 2(12x10°F)



Exercise 4 :

The switch in the circuit shown in the figure below is held in position [a| for 2 seconds. The
switch is then instantly moved to position [b] (without interrupting the electric current through
the coil). At time ¢ = 2 s, the capacitor carries no charge.

Figure 3: RL circuit.

In position [b| of the switch:

1. Calculate the electric current through the coil at time ¢ = 2s.

2. Calculate the frequency of oscillation.

3. Determine the charge Q(t) on the capacitor C' as a function of time ¢.

4. Determine the current /(t) as a function of time ¢.

Numerical application : V=02V, R=0.03Q, L =54 mH, C = 3.2 uF.
Solution 4 :

1. When the switch is kept in position [a], the current circulates only in the loop formed by the
battery, resistance R, and the inductor L. Applying Kirchhoff’s second law to this loop, we
get the following differential equation:

dl

RI+L—=V.
MR
To solve it, write
Lﬁ =V — RI.
dt



If we integrate this equation we get

dl dt 1 t
/m = f — —}—%log(V—RI) = z-’-COnSt,

which leads to [since 7(0) = 0]

V
I = E(l — G_Rt/L).

For t = 2 s, we obtain I = 4.5 A, which is the amplitude of the current.

2. After the switch is moved to position [b], oscillations appear in the circuit formed by the
inductor L and the capacitor C'. The angular frequency of oscillation is wy = \/% The
frequency is therefore:

Wo 1
= —=——— =3829Hz.
d 2r 27/ LC

3. Applying Kirchhoft’s second law to the loop formed by the inductor and the capacitor, we
get the following differential equation:
di(t)

Qt) _
C L dt =90,

which leads to the following differential equation for Q(t):

Q(t) *Q(1)
o Tt ae

=0.
The solution is:

Q(t) = Qosin <\/%_C’) ,

where we use the sine function instead of the cosine because Q(0) = 0. This allows us to
determine the frequency of oscillation wy = 2406 rads™! and f; = 383 Hz.

4. The current I(t) is related to dQ(t)/dt as follows:

1 ="20 ~ o,

t

1

> = Qowo cos (wot) .



Exercise 5 :

A conducting bar moves at a constant velocity v along two straight rails that form an angle a,
in the presence of a uniform magnetic field B perpendicular to the triangle formed by the bar and
the rails. The resistance of the bar is negligible, while the rails have a cross-sectional area S and
are made of a material with resistivity p.

N\ I/

Figure 4: RL circuit.

1. Determine the amplitude of the current I induced in the bar when the distance between the
bar and the vertex is 7.

2. Determine the magnetic force on the moving bar as a function of time.

Initial conditions: t = 0 s and 7 = 0 cm. Numerical application r = 12 cm, S = 1 mm?, B = 0.2
T,a=50°p=15-10°Q-m, v=30cm/s and t = 0.4 s.

Solution 5 :

We start by calculating some quantities that will be necessary later, namely the distance between
the bar and the vertex, r, and the length of the part of the bar enclosed in the rails, (:

r(t) =wvt, I(r)=2r-tan (%) = 20t - tan (%) :

From this we can compute the distance d from the vertex and the conjunction between the rail
and the bar, by using Pitagora formula

d:\/(é)2+r2:r-,/tan2 (%)+1:@.

We can now compute the magnetic flux through the circuit when the magnetic field is perpen-
dicular to the plane of the figure and the induced voltage, by applying the Farady’s law:



Pp(t)=B-1(t)- @ = Bv’t? - tan (%) ,

0®p(1)

‘/ind(t> - ot

= —2Bv?*t - tan (%) .

Notice that the induced voltage remains time dependent. We need also to compute the resistance
of the two rails, by using the usual definition of R

_ %
S cos (%)

vt.

R(t)

1. At this point it becomes straightforward to compute the magnitude of the induced current
as a function of position r, which is simply given by

10 = Ol B3 (3) con (5) = 225 (5) = 17ma

Notice that while Vi,q and R are both time dependent, the induced current is instead time
independent.

2. The magnetic force induced on the moving bar is instead given by

F@y:—gg%ﬁ§.$n<%).mn<%):378x104N



Exercise 6 :

A 30 pF air-gap capacitor has two circular plates of area A = 100cm?. It is charged by a 70V
battery through a 2.0 {2 resistor. In the instant the battery is connected, the electric field between
the plates is changing most rapidly. In this instant, calculate:

1. The current into the plates;
2. The rate of change of electric field between the plates;

3. Determine the magnetic field induced between the plates. Assume E is uniform between the
plates at any instant and is zero at all points beyond the edges of the plates.

A (face of
L capacitor
plate)

Figure 5: Frontal view of the circular plate of a parallel plate capacitor. E between plates points
out toward viewer, lines of B are circles.

Solution 6 :

In this exercise, we are interested in the behaviour of a charging capacitor. To describe its
behaviour, we apply Kirchoff’s law to write down the differential equation

V =RI(t)+ Qét) = Rd?lit) + QC@ (24)
By integrating it we have
d d
/V——CCQQ/C’:/Et — —C’log(V—Q/C’):%ﬂLconst, (25)
which leads to [since Q(0) = 0]
Q(t) =V C(1 — e VRO, (26)

1. We can find the current in the capacitor plates at time ¢ = 0, from the definition of the
current, [ = %. We can then express the current as:
aQ eC _ire e 170V

= — —e

~ dt lt=0  RC t:ozf_%: 2 =3HA (27)

1
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2. To find the rate of change of the electric field, let’s start from the electric field for a capacitor,
defined as:

E=2 (28)

€o
where 0 = /A is the surface charge for a surface A. Now by taking the derivative if this
E-field one can find:
I

= — =4Vm™! 2
o e Vm s (29)

At dtey  Ae dt
where we have used the results of question 1.

dEdo 1 .dQ

3. We are now encountering a time varying electric field. From the generalized Ampére law
(Ampeére-Maxwell law), we have that,

- dd
Bl = e+ o5 (30)
C

dt
where ®p = |, g E - d& is the electric flux. We see that a time varying Electric field must
produce a magnetic field. From this geometry, we can imagine that the resulting magnetic
field will have a circular shape perpendicular to the electric field. We can then take a circular
Ampére loop parallel to and between the capacitor plates. We will have two cases as function
of the radius of the loop, a case where it is smaller than the radius of the capacitor plates
and a case where it will be bigger. For both cases there will be no enclosed currents, I.,q = 0,
hence: io
5 7 E

We first start with the configuration where the radius of the loop, r, is smaller than the radius
of the capacitor plate, ro (r < r9):

o ddg
Bdl = 32
]i Ho€o di (32)
d — —
B(27T7“) = Ho€o—; E.dS (33)
dt Jg
d
B(27r) = uoean(mQ) (34)
Ho€oT dF
= — 35
2 dt (35)

where ®p = [, E.dS = E(mr?).

We have then to analyize the case for r > rq.

Bdl = 36
Bl = e (36)
d — —
B(27T7") = MHo€o—; / E.dS (37)
dt Jq
d
B(27r) = uoean(mﬁ) (38)
2
Ho€oTo dFE
= 39
2r dt (39)
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In this case, the flux ®p = F(7r3), since E = 0 outside the plates.
B has its maximum value at r = rq which, from either relation above (using ro = /A/7m =
5.6 cm), is:

B_ focoro dE
2 dt

1.2 x 107*T. (40)

This is a very small field and lasts only briefly (the time constant RC' = 6 x 107!s) and so
would be very difficult to measure.

Extra:
Let us write the magnetic field outside the capacitor plates in terms of the current that leaves
the plates. The electric field between the platesis £ = o/eg = Q/(€0A), as we saw in question

2, % = I/(epA). Hence B for r > rq is,

B ,uoeorgd_E B pocore I ol

= = } 41
2r dt 2r emri  2mr (41)
This is the same formula for the field that surrounds a wire. Thus the B field outside the
capacitor is the same as that outside the wire. In other words, the magnetic field produced

by the changing electric field between the plates is the same as that produced by the current
in the wire.
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Exercise 7 :

An induction stove contains a coil of copper wire underneath the ceramic plate, the "burner" (a
burner that never gets hot). When a cooking pot is placed on top of it, an alternating perpendicular
magnetic field is applied. The resulting oscillating magnetic field induce a magnetic flux changing
in time, producing Eddy currents in the pot. These currents will heat up the pot due to Joule
heating.

The heating power of an induction stove, designed for Switzerland, is 2 kWW. What is the power of
this stove if it is used in the USA with the same metal pan?
Hint:

[ ) — CH: ‘/efnCH = 240 V, WCH — 50 HZ;
— USA: ‘/eff’USA =115 V, WUSA = 60 HZ;

e It can be useful to define an effective voltage as follow, Veg = =+ ftHT(VO sin(wt'))?dt’ = %

Solution 7 :

The heating power of the pan comes from the induced current /s ing. This current is induced by
the time-varying magnetic field generated by a coil in the stove. The magnetic field is generated in
the coil because a voltage Vac,cu is applied to the coil and this voltage creates a current according
to:

Vac,cn

Rc ? ( )
where R, is the coil resistance and the label "CH" stands for "Switzerland". So, the picture is the
following (in Switzerland):

Iancon =

Vac,cu(t) = Vo,cusin(wen(t)) (43)
is applied to the coil;

[AC,CH(t) = VORCH Sin(wCH(t)) (44)

flows through the coil;

,CH

v
BCH(t) = Mo (}f

) sin(wep (1)) (45)

is generated by the coil. The flux of Bgy through the surface of the pan changes and a current
Iina,cu is induced in the pan according to:
emf 1 0 - o 1 OB Apan Vo.cu

Lodon = -~ %4 Bdy=——n P ’
e N T Rown” "™ 0t Row! "R,

weh cos(wept).  (46)
Span

Apan, Rpan, fto and n are constant which do not depend on the state the stove is used, so we can
write:
Iina,cn = CVo,cnwen cos(went). (47)

We know that in Switzerland the voltage provided in the domestic networks is 240 V, but this is
an effective value, i.e. the root-mean-square value:

1 o : N2 4 E
Vet = \/T/t (Vo sin(wt))2dt’ = 7 (48)
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This effective value is related to the peak value of the AC signal, but it is independent on the

country, so we can still write:
Ling et ci = CVegr,cnwen.

The effective power is:
12 2
Pegron = Rpanfmd eff,CH = =C Veﬁf,CHWCHa

where C is just a new constant. In the US, both Vg and w are different:
e CH: ‘/veﬁ‘7CH = 240 V, WCH — 50 HZ;
o USA: ‘/efﬂUSA =115 V, WUSA — 60 HZ;

So, if we compare:
Pegusa = Rpan[md off, USA — = fo USAWUSAa

we get:
2 2
Pogusa _ Ver,usaWosa

= 2 2
Per,cn Vi onWon
From which we conclude that:

V2
M = 0.33P.g.cn = 0.66 kW.

Pegusa = Pepron V2
off, CH CH

14

(49)

(50)

(53)



